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Abstract
By using a computer we are able to pose a conjecture for the expected number of generators of
the ideal of a non-special general irreducible curve in Pr with degree d, genus g, for d ≥ r + g. We
prove the conjecture for C of degree d ≤ 60.
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1. Introduction
Let C ⊂ Prk , r ≥ 3 be a non-special curve of degree d and (arithmetic) genus g, over an
algebraically closed field k of characteristic zero.
The curve C has maximal rank if, for every integer n ≥ 1, the natural restriction map
ρ(n) : H 0(OPrk (n)) → H 0(OC(n)) has maximal rank; i.e. ρ(n) is injective or surjective.
The curve C is minimally generated if, for every integer n ≥ 1, the natural map
σ(n) : H 0(IC (n)) ⊗ H 0(OPrk (1)) → H 0(IC (n + 1)) has maximal rank. We say that
the curve C is naturally generated if it has maximal rank and is minimally generated. In
Ballico and Ellia (1987) it has been shown that, for any d, g, r , d ≥ r + g a general curve
C has maximal rank. No general results have been proved for the natural generation of
curves. In Orecchia (2001b) it has been conjectured that any general irreducible rational
curve (g = 0) of degree d is naturally generated except the quintic (d = 5) of P4k or P5k and
the conjecture has been proved for d ≤ 120 (see also Orecchia, 2001a). In Chiantini et al.
(2001) it has been proved that any general irreducible elliptic curve (g = 1) of degree
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d ≤ 30 is naturally generated and conjectured that this is always the case. In these papers
the problem of computing the generators of a curve has been faced by reconducting the
computation of the generators of the ideal of the curve to the computation of the generators
of the ideal of a finite number of points on the curve and then by using the software
POINTS (Orecchia et al., 2001) for computing the generators of an ideal of points. In this
paper we want to study the natural generation of curves with a different approach. By
using Lemma 0.1 of Ballico and Ellia (1987) one gets the following result. Let Y ⊂ Prk be
a nodal projective curve (that is Y is connected with only ordinary singularities) formed by
the union of a rational smooth curve with a set of 1-secant or 2-secant lines. Assume that Y
has degree d and (arithmetic) genus g. If Y is naturally generated then a general non-special
projective curve C of degree d and genus g in Prk is naturally generated. Now it is possible
to check natural generation of Y with an efficient algorithm which has been implemented in
C++ (see Section 4). This algorithm improves in this case of non-special curves a previous
algorithm contained in Albano et al. (2000) which computes the generators of a union of
rational curves. By performing these computations on computer we are able to launch the
following conjecture:
Conjecture. A general non-special projective curve of degree d and genus g with d ≥
r +g in Prk is naturally generated if and only if the triple (d, g, r) is different from (5, 0, 3),
(5, 0, 4), (6, 2, 3).
Furthermore we can prove that the conjecture is true for any curve of degree d ≤ 60.
2. Maximal rank and minimal generation of non-special curves
We will use freely the common notations of sheaf cohomology in Prk . We say that a
variety is generated in degree n if its ideal I can be generated by forms of degree ≤n.
We recall briefly some well-known facts about the generators of a homogeneous ideal
and its Castelnuovo–Mumford regularity.
Let m be an integer. A coherent sheafF is m-regular if H q(F(m−q)) = 0 for all q > 0
(Mumford, 1966). If I is a saturated homogeneous ideal, then we say that I is m-regular
when its sheafification I is. Let V ⊂ Prk be a projective variety. We say that V is m-regular
when its associated homogeneous ideal I is.
It can be proved that if I is m-regular, then it is also (m + n)-regular, for every n ≥ 0
(Mumford, 1966). The regularity reg(I ) of I is defined as the smallest integer m for
which I is m-regular. Regularity provides a stop for an algorithm that finds generators
of a saturated ideal. In fact if I is m-regular, then it is generated in degree m (Mumford,
1966, Lecture 14).
Let I = I (V ) = n≥0 I (V )n be the ideal of a closed subvariety V and A = S/I be
the coordinate ring of V . Set
HV (n) = dimk An = dimk Sn − dimk In =
(
n + r
r
)
− dimk In
for the Hilbert function of V and call PV (n) the Hilbert polynomial of V .
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Definition 2.1. Let V be a closed (possibly reducible) subvariety of Prk ; define ρV (n) as
the natural restriction map
ρV (n) : H 0(Prk,OPrk (n)) → H 0(V ,OV (n)).
We say that V has maximal rank if, for every integer n > 0, ρV (n) has maximal rank as a
map of vector spaces, i.e. it is injective or surjective.
Definition 2.2. The index of speciality of a curve C is
eC := max{n ∈ N | H 1(OC (n)) 	= 0}
and the curve is called non-special if H 1(OC (1)) = 0 that is H 1(OC(n)) = 0, for any n.
Using the previous notations, we can restate the notion of regularity in the case of
homogeneous ideals associated to curves:
Lemma 2.1. Let C be a non-degenerate curve. Then reg(C) ≥ 2. Moreover, for all
n ≥ 2, C is n-regular if and only if OC (n − 2) is non-special and ρC(n − 1) :
H 0(Prk,OPrk (n − 1)) → H 0(C,OC (n − 1)) is surjective. Furthermore, if m ≥ reg(C),
then HC(n) = PC (n), for n ≥ m − 1.
Proof. The first statement is clear since if C is non-degenerate it has to be generated in
degree at least 2. For the second and third statements see respectively Gruson et al. (1983)
and Nagel (1990), Lemma 4(i). 
The following results extend to non-special curves properties that have been already
proved in Orecchia (2001b) for rational smooth curves (see also Chiantini et al., 2001).
Theorem 2.1. Let C ⊂ Prk(r ≥ 3) be a non-special curve. Let I be the ideal of C.
Then HC(n) ≤ PC(n), for every n > 0. Furthermore:
(1) for every n > 0 one has HC(n) ≤ min
{(
n+r
r
)
, PC (n)
}
;
(2) in (1) the equality holds for all n > 0 if and only if ρC(n) has maximal rank;
(3) reg(I ) ≤ min{n ≥ 3 | HC(n − 1) = PC (n − 1)}.
Proof. By applying sheafification to the short exact sequence 0 → I → S → S/I → 0,
we determine the exact sequence
0 → IC (n) → OPr (n) → OC (n) → 0
to which we apply cohomology, getting
0 → H 0(IC (n)) → H 0(OPr (n)) ρC (n)−→ H 0(OC (n)) → H 1(IC (n)) → 0.
Since H 1(OC (n)) = 0, for every n > 0,
HC(n) = dimk(Im(ρC (n))) ≤ h0(OC (n)) = h0(OC(n)) − h1(OC (n)) = PC (n).
The first and second claims easily follow since clearly HC(n) ≤ dim H 0(OPr (n)) =
(
n+r
r
)
,
for any n. Also the third statement is clear since by assumptions C is non-special and then
H 1(OC (n)) = 0 for any n ≥ 1 whence, by Lemma 2.1, if n ≥ 3C is n-regular if and only
if ρC(n − 1) is surjective. 
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From the previous results we have immediately the following
Corollary 2.1. Let C ⊂ Prk(r ≥ 3) be a non-special curve. Let α =
min
{
n ∈ N ∣∣(n+r
r
)
> PC (n)
}
. Then C has maximal rank if, and only if, HC(α − 1) =(
α−1+n
n
)
and HC(α) = PC(α).
Let C be a non-special curve. By Corollary 1 we know that the maximality of the rank
of C is characterized by the behavior of the Hilbert function of C .
In this situation, the ideal I (C) is generated by forms of degrees α and α + 1, where
α = min {n ∈ N ∣∣ (n+r
r
)
> PC (n)
}
, since reg(I ) = α + 1. So it is interesting to study the
expected number for the minimal generators of I (C) (see Ida`, 1990, for rational curves).
Definition 2.3. A non-special curve C is naturally generated if it has maximal rank and
the map
σ(α) : H 0(IC (α)) ⊗ H 0(OPrk (1)) → H 0(IC (α + 1))
is of maximal rank, that is a minimal set of homogeneous generators of I (C) has cardinality
dimk(Iα) + dimk(Iα+1) − min{(r + 1) dimk(Iα), dimk(Iα+1)}.
Thus by Corollary 2.1 and the definition to be naturally generated for a non-special
curve is reconducted to the computation of the Hilbert function and of the generators of
the curve.
3. The main result
In the following we will denote with Y a projective curve of Prk which is a union of a
rational non-degenerate smooth curve X of Prk degree d ′ with a set of lines Li , i = 0, . . . , s,
and L ′j , j = 0, . . . , t , such that the lines Li are disjoint and intersect transversally X at
exactly two points (i.e. are 2-secants to X ) and the lines L ′j are disjoint and meet one and
only one of the lines L j and intersect transversally X at exactly one point (i.e. are 1-secants
to X ).
Theorem 3.1. The curve Y has degree d = d ′ + s + t and (arithmetic) genus g = s + t .
Furthermore if there exists a curve Y which has maximal rank (respectively is naturally
generated) then a generic non-special smooth curve of degree d and genus g has maximal
rank (is naturally generated).
Proof. It is well known that maximal rank is an open property (Ballico and Ellia, 1987).
Since the kernel of σ(α) is H 0(IC (α)⊗Ω(1)) (Ida`, 1990), then, by semicontinuity, natural
generation is an open property. Hence fixed d, g, r it is enough to find a naturally generated
curve in the closure Z∗(d, g, r) in the Hilbert scheme Hilb Prk of the set of smooth
irreducible non-special curves C ⊂ Prk and the fact that there is a curve Y in Z∗(d, g, r) is
guaranteed by Lemma 0.1 of Ballico and Ellia (1987). 
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Let Zp be the residue field of the integers modulo a prime p. If f = b1T1 + · · · + bu Tu
is a form of Zp[t1, t2] (Ti are the terms in t1, t2 and bi ∈ Zp are the coefficients of f ) then
f = b1T1 + · · · + buTu is the corresponding form in Z[t1, t2].
Theorem 3.2. Let C = ∪si Ci be the union of rational irreducible curves Ci ⊂ PrZ∗p
(Z∗p = algebraic closure of Zp) parametrized by forms f i j ∈ Zp[t1, t2], j = 1, . . . , r .
Let C = ∪si Ci be the union of the corresponding irreducible curves Ci ⊂ Prk parametrized
by the forms fi j ∈ Z[t1, t2] ⊂ k[t1, t2], of degree di . If C has maximal rank (respectively is
naturally generated) then also C has maximal rank (respectively is naturally generated).
Proof. Orecchia (2001b), Theorem 3.3. 
Then, fixed d, g, r , if, for a suitable prime p, we find an example of curve Y ⊂ PrZ∗p
naturally generated, then a general smooth non-special curve with degree d and genus g in
Prk is naturally generated.
Now as we will show in Section 4 it is possible to construct an algorithm for computing
the natural generation of Y . We did these computations (see Section 4) and we were able
to obtain the following main result of the paper:
Theorem 3.3. A smooth general non-special projective curve of degree d ≤ 60 and genus
g with d ≥ r + g in Prk is naturally generated if and only if it is not a rational quintic in
P3k or P
4
k or a sextic of genus two in P3k.
While the cases in which the curve is naturally generated can be proved by computer,
the exceptional cases in which the curve is not naturally generated need to be proved by
other considerations. This can be done by using the following theorem:
Theorem 3.4. (1) The number of quadrisecants of a smooth curve of degree d and genus
g in P3k is
(d − 2)(d − 3)(d − 3)(d − 4)
12
− g(d
2 − 7d + 13 − g)
2
.
(2) The number of trisecants of a smooth curve of degree d and genus g in P4k is
(d − 2)(d − 3)(d − 4)
6
− g(d − 4).
Proof. Le Barz (1982). 
Corollary 3.1. A general smooth rational quintic or a sextic of genus two in P3k have a
quadrisecant. A general smooth rational quintic in P4k has a trisecant. Hence these curves
have maximal rank but are not minimally generated.
Proof. By substituting in the formulas of Theorem 3.4 d = 5, g = 0, n = 3, d = 5,
g = 0, n = 4, d = 6, g = 2, n = 4 we get the first two claims. The third claim comes from
the fact that then in the first case the curve is not generated in degree 3 and in the second
case in degree 2. But by the second formula of Definition 2.3 this should be the case if the
curves are naturally generated. 
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One could wonder if for proving Theorem 3.3 it is enough to consider curves Y without
the lines L ′j ; i.e. the union of a rational smooth curve with a set of 2-secants. This is not
enough by the following Theorem 3.5.
Lemma 3.1. Let Cn ⊂ Prk, r ≥ 4, be the rational normal curve and Vn ⊂ Prk its secant
variety. Then Vn is an integral three-dimensional variety with deg(Vn) = ((n−1)(n−2))/2.
The variety Vn is contained in a hypersurface of degree at most (((n−1)(n−2))/2)−n+4.
Proof. Let W be a general linear subspace of Prk with dim(W ) = n − 3.
Since W is general, it intersects transversally Vn . The linear projection of Cn from
W into a plane is a degree n plane curve D with only nodes as singularities. Since the
arithmetic genus g of D is ((n−1)(n−2))/2, D has exactly ((n−1)(n−2))/2 nodes as only
singularities. Thus card(W ∩ Vn) = ((n −1)(n −2))/2, i.e. deg(Vn) = ((n −1)(n −2))/2.
Every irreducible variety A ⊂ Prk , A 	= Prk , is contained in a hypersurface of degree d − t ,
where d = deg(A) and t = n − dim(A). Hence the last assertion follows from the first
one. 
The lemma gives immediately the following corollary:
Corollary 3.2. Let Y ⊂ Prk be the union of a rational normal curve Cn and t general
secant lines to Cn. If x = (((n−1)(n−2))/2)−n+4 and t (x−1)+nx+1 ≥ (n+x)!/(n!x !)
the curve Y has not maximal rank.
Proof. Since Y ⊂ Vn by Lemma 3.1 we have h0(Prk, IV (x)) 	= 0. Thus the claim. 
Theorem 3.5. Let Y ⊂ P4 be the union of the rational normal curve C4 and t general
secant lines to C4. Y has maximal rank if and only if t ≤ 10.
Proof. If we set n = 4, in Corollary 3.2 we get that Y has not maximal rank for t ≥ 11.
By computing the Hilbert function of a curve Y ⊂ P4Z∗p which is the union of a rational
normal curve C4 with t ≤ 10 general secant lines parametrized by forms f i j ∈ Zp[t1, t2],
j = 1, . . . , r we get that Y ⊂ P4Z∗p has maximal rank and the corresponding curve Y ⊂ P4k
has maximal rank by Theorem 3.2. 
4. Computing the natural generation of a non-special curve which is the union of
rational curves
In this section we describe the algorithm needed for checking the natural generation of
the curves Y introduced in Section 3. More generally we consider non-special curves with
a union of rational curves.
Let C = ∪si=1Ci ⊂ Prk , r ≥ 3 be a non-special curve which is the union of s rational
irreducible curves.
We want to show that the maximal rank and natural generation of C can be checked by
computing the generators of a suitably chosen set of points on C .
Lemma 4.1. Let C = ∪si=1Ci ⊂ Prk be a non-degenerate curve such that the Ci
are rational irreducible curves parametrized by maps Φi : P1k → Prk, Φi ([t1, t2]) =
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[ fi0(t1, t2), . . . , fir (t1, t2)], where fi j ∈ k[t1, t2] are homogeneous polynomials of the
same degree di . Let m > 1 a fixed integer. Consider the set Vi consisting of hi = di m + 1
distinct points of Ci , for any i , and let V = ∪si=1Vi be the set of all these (h =
∑s
i=1 hi )
points and I (V ) = ⊕n≥0 I (V )n be the ideal of V . Then I (C)n = I (V )n for any n ≤ m.
Proof. Clearly I (C)m ⊂ I (V )m . Then we have to prove the opposite inclusion. Since
I (V ) = ∩si=1 I (Vi ) and I (C) = ∩sn=1 I (Ci ), it is enough to prove the claim in the
case of one irreducible curve Ci . Let P1, . . . , Phi , be the points of Vi . If f ∈ I (Vi )n
then f (Φi (Pu)) = f ( fi0(Pu), . . . , fir (Pu)) = 0, for any u = 1, . . . , hi . Thus
f ( fi0, . . . , fir ) is a polynomial of degree ndi ≤ mdi vanishing on the mdi + 1 points
Pi and then f ( fi0, . . . , fir ) = 0. But Ci is the smallest variety containing the points
[ fi0(a0, a1), . . . , fir (a0, a1)], for any [a0, a1] ∈ P1k and then Ci ⊂ V ( f ) that is f ∈
I (Ci ). 
Theorem 4.1. Let C = ∪si=1Ci ⊂ Prk be a non-special curve such that Ci are rational
irreducible curves parametrized by maps Φi : P1k → Prk given by forms of degree
di , for any i . Let PC (n) be the Hilbert polynomial of C. Let d = ∑si=1 di and α =
min
{
n ∈ N ∣∣ (n+r
r
)
> PC(n)
}
. Consider hi = di (α + 1) + 1 points of Ci for any i . Let V
be the set of all these h = ∑si=1 hi = d(α + 1) + 1 points and let I (V ) = ⊕n≥0 I (V )n be
the ideal of V . Set
Wα+1 = X0 I (V )α + · · · + Xr I (V )α ⊂ I (V )α+1.
Then C has maximal rank if and only if
HV (α − 1) =
(
α + r − 1
r
)
, HV (α) = PC (α).
Moreover
dimk Wα+1 ≤ min{(r + 1) dimk I (V )α, dimk I (V )α+1}
and C is minimally generated if and only if
dimk Wα+1 = min{(r + 1) dimk I (V )α, dimk I (V )α+1}.
Proof. Follows immediately from Corollary 2.1, the following definition and
Lemma 4.1. 
Let V = {P1, . . . , Ph} ∈ Prk be a set of points and n be a positive integer. The vector
space I (V )n is easily given by the null space of a matrix with elements in k. In fact if
Rn = { f ∈ k[X0, . . . , Xr ] | deg( f ) = n} then
(1) I (V )n = { f ∈ Rn | f (Pi ) = 0, i = 1, . . . , h}.
If we denote with Ti , i = 1, . . . , u, the terms of degree n in the indeterminates X0, . . . , Xr
then S = {T1, . . . , Tu} is a basis of the k-vector space Rn . Let Gn(V ) be the following(
n+r
r
)× h matrix:
(2) Gn(V ) = (bi j ) where bi j = Ti (Pj ).
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If f = a1T1 + · · · + auTu ∈ k[X0, . . . , Xr ], we set
( f )S =


a1
a2
...
...
ah


Then:
(3) I (V )n = { f ∈ Rn | Gn(V )( f )S = 0}
that is f ∈ I (V )n if and only if ( f )S is a vector of the null space Nn(V ) of the matrix
Gn(V ). This gives, by elementary linear algebra that:
(4) dimk(I (V )n) =
(
n+r
r
)− rk(Gn(V )) i.e. rk(Gn(V )) = HV (n)(rk = rank).
Let I (V )n 	= 0 and {(g1)S, . . . , (ge)S} a basis of Nn(V ), e =
(
n+r
r
)− rk(Gn(V )). Denote
with Wn+1 the vector space generated by the e(r + 1) polynomials gi X j of I (V )n+1. Let:
(5) Mn+1(V ) be the
(
n+r+1
r
)× e(r + 1) matrix whose columns are (gi X j )S , for any i, j
(note that a entry of (gi X j )S is zero, if it corresponds to a term that does not appear
in the polynomial gi X j , or is a coefficient of gi X j that is a component of the vector
(gi )S . We have:
(6) dimk(Wn+1) = rk(Mn+1(V )).
Corollary 4.1. Let C = ∪si=1Ci ⊂ Prk be a non-degenerate curve such that Ci are
rational irreducible curves parametrized by maps Φi : P1k → Prk given by forms of
degree di , for any i . Let PC(n) be the Hilbert polynomial of C, d = ∑si=1 di and
α = min {n ∈ N ∣∣ (n+r
r
)
> PC (n)
}
. Consider hi = di (α + 1) + 1 points of Ci for any
i . Let V be the set of all these h = ∑si=1 hi = d(α + 1) + 1 points. Then
rk(Gα−1(V )) ≤
(
α + r − 1
r
)
and rk(Gα(V )) ≤ PC (α).
Furthermore C has maximal rank if and only if
rk(Gα−1(V )) =
(
α + r − 1
r
)
and rk(Gα(V )) = PC(α).
Moreover, if C has maximal rank, we have
rk(Mα+1(V ))≤ min
{
(r + 1)
((
α + r
r
)
− PC(α)
)
,
(
α + r + 1
r
)
− PC (α + 1)
}
and C is minimally generated if and only if
rk(Mα+1(V )) = min
{
(r + 1)
((
α + r
r
)
− PC (α)
)
,
(
α + r + 1
r
)
− PC (α + 1)
}
.
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Proof. The claims follow easily from Theorem 4.1, (4) and (6). 
Using Corollary 4.1 it is easy to construct an algorithm that allows one to produce
examples of curves C with maximal rank and naturally generated.
Let C and C as in Theorem 3.2.
Algorithm. Step 1. Input the integers r, s, d1, . . . , ds , the prime p and the the coefficients
(in Zp) of the polynomials f i j that represent Ci . Input the Hilbert polynomial PC (n).
Step 2. Find hi = di (α + 1) + 1 distinct points of Ci , for any i (this can be done, if p
is large enough, by giving numerical values to the parameters t1, t2 of f i j ).
Step 3. Construct the matrices, with entries in Zp , Gα−1(V ), Gα(V ).
Step 4. Compute a basis (with linear algebra) of the null space Nα(V ) of the matrix
Gα(V ).
Step 5. Construct the matrix Mα+1(V ) whose entries are the coordinates of the vectors
of the basis of Nα(V ) or zeroes.
Step 6. Compute the ranks (with Gaussian reduction) of the matrices Gα−1(V ), Gα(V ),
Mα+1(V ).
Step 7. If these three ranks are respectively
(
α+r−1
r
)
, PC (α), and
min
{
(r + 1) ((α+r
r
)− PC (α)) , (α+r+1r )− PC(α + 1)
}
then output: C has maximal rank
and is naturally generated.
Remark. In Albano et al. (2000) there is another algorithm for computing the generators
and the Hilbert function of a union of rational curves C . This algorithm has been
implemented in the software POINTS (Orecchia et al., 2001). The reason for using the
new algorithm presented in this paper is that one does not need to compute the Hilbert
function and the generators of C for any degree n as in Albano et al. (2000) but only for
degree α and α + 1. Furthermore the termination criterion of Theorem 2.4 of Albano et al.
(2000) needs the computation of a Grobner basis of the ideal I (C) while the algorithm
of this paper does not make use of Grobner bases but only of linear algebra. This reflects
very much on the computational times. In fact we have implemented the algorithm for the
curves Y considered in Section 3 in C++ using as base field k = Zp where p = 31 991.
We ran the program on the same computer used for POINTS (Orecchia et al., 2001) and
we compared the two timings. The results show that the algorithm of this paper runs faster
than the one of Albano et al. (2000). We have collected the results of some examples in the
following table where d is the degree of Y , r is the dimension of the projective space and
the time is the CPU time.
d r Points Algorithm d r Points Algorithm
30 3 6.04 3.56 40 3 25.11 14.25
4 0.82 0.58 4 3.09 2.1
5 0.46 0.31 5 0.94 1.23
6 0.3 0.19 6 0.86 0.7
7 0.2 0.17 7 0.7 0.5
8 0.14 0.11 8 0.46 0.4
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d r Points Algorithm d r Points Algorithm
9 0.18 0.15 9 0.31 0.26
10 0.17 0.14 10 0.37 0.31
50 3 81.69 43.7 60 3 226.25 113.11
4 9.31 6.04 4 24.98 15.41
5 3.83 2.58 5 6.38 4.57
6 2.39 1.7 6 3.65 2.63
7 1.11 0.86 7 2.75 2.32
8 1.13 0.83 8 2.2 1.69
9 0.89 0.75 9 1.94 1.38
10 0.61 0.52 10 1.52 1.3
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